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Abstract. On supervised learning tasks, introducing an information bottleneck can guide the model
to focus on the more discriminative features in the input, which can effectively prevent overfitting.
The deep variational information bottleneck aims to learn a global Gaussian latent variable using
the neural network, which compresses mutual information with the input features and retains the
most relevant information with the output features as much as possible. However, for the input
containing complex semantic information, such as multi-label classification datasets, the latent
variable obeying a simple Gaussian distribution may not necessarily capture rich representations.
To alleviate this drawback, in this paper, we propose a new approach called Gaussian Mixture
Variational Information Bottleneck (GMVIB) where the latent variable follows Gaussian mixture
distribution. Then we generate Multi-MNIST and Multi-FashionMNIST, the multi-label classification
datasets based on MNIST and FashionMNIST. Our experiments on these datasets show that the
proposed approach learns a more efficient embedding representation and achieves competitive
performance.
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1. Introduction
Essentially, machine learning is closely intertwined with information processing. How neural

network models process data information in the face of complex downstream tasks is a key concern
for researchers. The Information bottleneck principle was first proposed by Tishby et al. [1], which
aims to use the minimum amount of information from the input to achieve the best optimization,
corresponding to one of the most parsimonious ideas. The task is accomplished using the lowest
cost. In supervised learning, the information bottleneck maximizes the compression of redundant
information between the input and the output while preserving the mutual information about the
desired output. Based on this concept, researchers have proposed a range of machine learning
algorithms that have been extensively used in various fields including image, speech, and natural
language processing [2-5].

A deterministic model � � � learns a deterministic latent variable � with given �. Similar to
the variational autoencoder network structure [6,7], neural networks are used to parameterize the
information bottleneck model. We regard that � as a representation of � if � is a (possibly
stochastic) function of �. We can view the � � � task as a two-stage pipeline, with the first stage
learning a representation � of � and the second stage predicting the label � based on � . The
neural network can be viewed as a process of information processing, where each layer performs
the appropriate computation on the information, and ultimately, the output of the neural network is
obtained. The data processing inequality (DPI) theoretically proves the phenomenon of the
propagation loss of mutual information [8,9]. However, not all information in the input variable is
useful for the output variable. Therefore, the ideal neural network should ensure that the latent
variable not only retains the part of the data features that are relevant to the label but also selectively
"forget" the parts that are not relevant to the label. The goal is to learn an encoding � that is
maximally informative about � while being maximally compressed about �. Intuitively, we would
like to optimize the following objective function:

max
�

� �; � − �� �; � , # 1
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where � is the model parameter and � ≥ 0, which is used to control the balance between the two
phases.

Inspired by this work, we would like to propose a model that goes beyond the current approach
of assuming that the latent variable � follows a single Gaussian distribution. For data containing
richer semantic information, a more complex latent variable is expected to capture more complex
information. For instance, in the multi-label classification task, where the information of each image
is associated with multiple class labels, using a single Gaussian distribution may result in the latent
variable � not learning the features of � sufficiently. By using a weighted combination to
aggregate multiple distributions, with the weight coefficients determined by a controller, a latent
variable representation that is both robust and informative can be learned. This is because each
distribution has its own optimal information acquisition region.

Consequently, we propose a deep Gaussian Mixture Variational Information Bottleneck model
(GMVIB) where the latent variable � follows a Gaussian mixture distribution, and the problem is
transformed into a cooperative and competitive game that balances multiple distributions.
Specifically, we aim to enhance the distribution of a latent variable from a single Gaussian
distribution to a Gaussian mixture distribution using the variational information bottleneck
framework and leverage the reparameterization trick for efficient training [6,10], allowing us to learn
more complex representations of the information.

2. Proposed Method
This section will provide a comprehensive introduction to the Gaussian mixture variational

bottleneck (GMVIB). Fig. 1 provides an overview of GMVIB. Unlike the variational bottleneck,
which assumes a simple Gaussian distribution for the latent variable, our approach learns a latent
variable that follows a Gaussian mixture distribution to capture richer information about the input
variable. Additionally, we use variational inference to derive the GMVIB approximate optimization
objective.

2.1 Preliminary
2.1.1 Gaussian Mixture Model

The probability density function of a Gaussian mixture model is essentially a weighted sum of
several Gaussian probability density functions. If the Gaussian mixture model consists of �
Gaussians distribution (i.e., the data contains � classes), the probability density function of the
Gaussian mixture distribution can be expressed as follows:

� � � =
�=1

�

��� � ��� , # 2

where α� represents the probability that the � -th Gaussian distribution occurs, α� ≥ 0 and

�=1
� ��� =1; � � �� is the model of the �-th Gaussian probability distribution, i.e.,

� � �� =
1

2���
exp −

� − ��
2

2��
2 . # 3

2.1.2 Dirichlet Distribution
The Dirichlet distribution is a probability distribution for multivariate continuous random

variables and is an extension of the Beta distribution, which is a distribution for probability
distributions. The hypothesis space for Gaussian mixture distributions is infinite, and we obtain
samples of the Gaussian mixture distribution by generating weight coefficients using the Dirichlet
distribution, which allows for infinite possible combinations of Gaussian mixture distributions [11].

In general, for the multivariate continuous random variable � = �1, �2, …, �� , �� ≥ 0 and

�=1
� ��� = 1, if the probability density function is
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� �1, �2, …, �� =
� �=1

� ���

�=1
� Γ ��� �=1

�

��
��−1� , # 4

where � ⋅ is the gamma function, � = �1, �2, …, �� and �� > 0 for � = 1,2, …, � , then the
random variable � is said to follow a Dirichlet distribution with parameter α , denoted as � ∼
��� α . The Dirichlet distribution � exists on a � − 1 -dimensional simplex, i.e., � ∈ �, � =
� ∈ ��: �� ≥ 0, �=1

� ��� = 1 , � is a probabilistic simplex.

2.2 Gaussian Mixture Representation

In this paper, we develop an encoder-decoder-based framework. First, the input variable � is
encoded by the encoder to obtain all distribution parameters of the random latent variable. Next, the
latent variable �, which captures the input information, is obtained through Monte Carlo sampling,
where a reparameterization trick is used to facilitate gradient backpropagation. Finally, the decoder
decodes the latent variable and predicts the image labels of �.

The model structure is illustrated in Fig. 1. For each image since the sub-images corresponding
to different class labels have distinct features, we set the number of single Gaussian distributions
equal to the size of the class label set. Consequently, the output of the encoder includes the
distribution parameters of each Gaussian distribution { μ�, �� }�=1

� , and the Dirichlet distribution
parameter � . Then after sampling the latent variable components, we obtain a Gaussian mixture
representation by combining them using a simple linear weighted approach, i.e. � = �1�1 + �2�2 +
⋅⋅⋅+ ����.

Fig. 1 Overview of Deep Gaussian Mixture Variational Information Bottleneck (GMVIB).

The graphical model for the Gaussian mixture variational information bottleneck is illustrated in
Fig. 2. {��}�=1

� is a set of Gaussian latent variables and � is an assignment latent variable
following Dirichlet distribution. Observed variables are gray while latent variables are white.
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Fig. 2 The graphical models for GMVIB.
According to the Markov chain property, this multi-label image classification problem can be

described as
� �, �1,2,…,�, �, � = � � � � � � �1,2,…,� �, � � � �, �, �1,2,…,�

= � � � � � � �1,2,…,� � � � � , # 5
where � �1,2,…,�, � = � �1 � �2 ⋅⋅⋅ � �� � � is the prior distribution.

The training goal for this image classification task is to minimize the prediction error. Based on
the paradigm of mutual information in information theory, for the variational information
bottleneck principle, it is hoped that the minimum prediction error can be achieved with the least
information in the most input data. Formally, the optimization objective can be expressed as
follows:

max
�

� �; � − �� �; � , # 6
where � = �1, �2, …, ��, � .

2.3 Variational Inference of Optimization Objective
However, the main challenge of the theory lies in the computation of mutual information during

the optimization process. To address this, the idea of variational extrapolation is commonly
employed to approximate the optimization objective. Alemi et al. proposed a variational
approximation to the information bottleneck, in which they parameterized the information
bottleneck principle using a neural network [12]. The training process of this model also employs the
concept of variational inference.

For � �; � , in the decoder part, we use � � �; � to approximate the posterior distribution
� � �; � . Based on the nature of Kullback-Leibler(KL) divergence, we have

��� � � �; � |� � �; � ≥ 0 ⟹ � � �; �� log � � �; � �� ≥ � � �; �� log � � �; � ��

and
� �1,2,…,�, �; �
= ��� � �1,2,…,�, �, � |� �1,2,…,�, � � �

= � �1,2,…,�, �, �� log
� � �1,2,…,�, �

� � ����

≥ � �1,2,…,�, �, �� log
� � �1,2,…,�, �

� �
����

= � �1,2,…,�, �, �� log � � �1,2,…,�, � ���� + � �

= � �, �1,2,…,�, �, � log � � �1,2,…,�, � ������� + � �

= � � � � � � �1,2,…,� � � � �� log � � �1,2,…,�, � ������ + � � , # 7
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where � � �; � = � �, � � ��� = � � � � � � ��� = � � � � � � � �
� �

� �� . Notice that the
entropy of image labels � � is independent of the optimization procedure and thus can be
ignored. Focusing on the first term will be the lower bound of � �1,2,…,�, �; � .

In general, computing the marginal distribution of � � can be challenging. � � is used as a
variational approximation of � � . Similarly, for � �1,2,…,�, �; � ,

� �1,2,…,�, �; �
= ��� � �, �1,2,…,�, � |� � � �1,2,…,�, �

= � �, �1,2,…,�, �� log
� �1,2,…,�, � �
� �1,2,…,�, �

����

≤ � �, �1,2,…,�, �� log
� �1,2,…,�, � �
� �1,2,…,�, �

����

= � � � �1,2,…,� � � � �� log
� �1,2,…,� � � � �

� �1,2,…,�, �
����. # 8

By combining the variational inequalities (7) and (8), we can obtain the variational lower bound
� for the optimization objective of the information bottleneck. The maximization objective function
is equivalent to maximizing the variational lower bound.

� �; � − �� �; � ≥ � � � � � � �1,2,…,� � � � �� log � � �1,2,…,�, � ������

−� � � � �1,2,…,� � � � �� log
� �1,2,…,� � � � �

� �1,2,…,�, �
���� = �. # 9

In practice, this only requires sampling from the stochastic encoder. It can be approximated
based on the empirical data distribution by Monte Carlo sampling. For the Gaussian distribution
parameters and the Dirichlet distribution parameters, suppose we use an encoder of the form
� �� � = � �� �� � , �� � , where �� ∈ {�1, �2, …, ��, �} and � is an MLP which outputs both
the mean of �� as well as the covariance matrix �. Then we can use the reparameterization trick to
write � �� � ��� = � � ��, where �� = � �, � is a deterministic function of � and the Gaussian
random variable �. The noise term in this formulation is independent of the model's parameters and
it is easy to calculate the gradient.

Therefore, we update the minimization objective function as

������ =
1
�

�=1

�

��∼� � − log � �� � ��, �� + ���� � �1,2,…,�, � �� |� �1,2,…,�, � , # 10

where � �� � ��, � is the log-likelihood and the latter is the KL divergence of the approximate
posterior from the true posterior. For the latter,

��� � �1,2,…,�, � �� |� �1,2,…,�, �
= ��� � �1 �� � �2 �� ⋅⋅⋅ � �� �� � � �� |� �1 � �2 ⋅⋅⋅ � �� � �

=
�=1

�

��� � �� �� |� ��� + ��� � � �� |� � . # 11

We treat � �� as a fixed spherical Gaussian, � �� = � �� 0, � . The KL divergence between the
ordinary Gaussian distribution � � and the standard normal-terminus distribution � � is

��� � � |� � = ��∼� � log
�(�)
�(�)

=
1
2

|��|2 − log ��� �� + ����� �� − � . # 12
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3. Experiments and Analysis
3.1 Datasets

Image classification is a computer vision task that involves learning specific features from a
training set to assign the correct class to unlabeled images. It can be categorized as multi-class
classification or multi-label classification. Unlike multi-class classification, where each sample has
and can only have one label in the target label set, multi-label classification allows each sample's
class label to be a subset of the target label set, and the elements (labels) in the subset are not
mutually exclusive. Obviously, the multi-label classification task is more complex than the
multi-class classification task and requires a more sophisticated model to be trained. In this paper,
we only consider the supervised multi-label image classification task.

To evaluate the performance of the proposed approach on the multi-label image classification
task, we need multi-label datasets for experimental validation. In this paper, we refer to the
multi-digit MNIST generator designed to create datasets based on MNIST [13]. It samples images
from MNIST and put the sampled digits together to create a multi-label dataset with multiple digits
on each image, where the label of each new image is the set of labels of all digits on it. We set two
class labels on each image to generate the Double MNIST dataset and set three class labels on each
image to obtain the Triple MNIST dataset. The dataset is divided into training/test sets according to
the ratio of 0.8/0.2.

Similar to MNIST, FashionMNIST is also a common data for deep learning image classification,
but FashionMNIST images are more complex in texture and richer in semantic information. To
validate the performance of the model on complex datasets, we also generate the
Multi-FashionMNIST dataset based on FashionMNIST, including Double FashionMNIST and
Triple FashionMNIST, which is generated in the same way as MNIST. Fig. 3 is a partial sample of
the generated multi-label classification.

Fig. 3 Multi-label image datasets.
In the multi-label image classification task, we write the data set as � = � � , � �

�=1

�
, � � =

�1, �2, …, �� is the image label, � represents the number of class labels contained in each image.
And �� ∈ {1,2, …, �} is the class label, and � denotes the class label set size.

3.2 General Settings and Experimental Results
In our experiments, we configure the stochastic encoder to produce a latent variable with a

dimension of 256. We set the hyperparameter � to 1e-3, and the number of samples for Monte
Carlo sampling to 12. To ensure convergence, we train the model for 50 epochs on Double MNIST,
Triple MNIST, Double FashionMNIST, and Triple FashionMNIST, respectively.

The latent variable generated by the encoder, which serves as the feature representation of the
input, plays a crucial role in subsequent prediction tasks. Improved representation of the latent
variable can enhance the model's ability to comprehend the features and structure of the input,
leading to more accurate prediction. To assess the effectiveness of the latent variable learned by our



Advances in Engineering Technology Research ICACTIC 2023
ISSN:2790-1688 Volume-6-(2023)

427

proposed method, we utilize the accuracy of multi-label classification within this framework as a
metric.

To demonstrate that our GMVIB can achieve better classification results, we compare it with two
models. One is a normal model structure called Basic, without any constraints on the latent variable.
The other is VIB, also based on the encoder-decoder framework, where the output of the encoder is
a simple Gaussian distribution of parameters from which the latent variable representations used to
predict the label are obtained by sampling from that distribution. The experimental results are
shown in Table 1.

Table 1. Test acc. on different methods
Method Double-MNIST Triple-MNIST Double-Fashion. Triple-Fashion.
Basic 0.9884(±0.00) 0.9588(±0.01) 0.8445(±0.00) 0.6686(±0.03)
VIB 0.9957(±0.00) 0.9886(±0.00) 0.8867(±0.01) 0.8532(±0.00)

GMVIB 0.9953(±0.00) 0.9889(±0.00) 0.9335(±0.01) 0.8564(±0.00)

Compared to the basic model structure, both VIB and GMVIB exhibit significantly better
performance, indicating that the information bottleneck theory is more effective in feature
extraction and representation learning. This not only enhances the model's generalization ability and
robustness but also enables it to learn a better latent variable that can better represent the crucial
features of the input data.

Comparing VIB and GMVIB, we observe that the performance is comparable on Double MNIST
and Triple MNIST datasets, but GMVIB outperforms VIB on Double FashionMNIST and Triple
FashionMNIST datasets that contain rich semantic information. Despite the relative simplicity of
the MNIST dataset, which may not necessitate an overly complex approach, achieving comparable
results demonstrates the feasibility of our proposed method. However, for more complex tasks such
as FashionMNIST, GMVIB demonstrates a more pronounced advantage. This is because the images
in the FashionMNIST dataset contain more complex semantic information that demands a more
effective feature representation to differentiate between different classes. GMVIB excels at
capturing the complexity of data and enhancing the efficiency of feature representation by learning
a latent variable that follows Gaussian mixture distribution. This leads to superior performance on
complex tasks. In conclusion, our findings provide strong evidence for the effectiveness of our
proposed approach, particularly in terms of improved performance on complex tasks.

In addition, the IB theory examines the learning process of neural networks using the
information plane, as shown in Fig. 4, where the mutual information of latent variable � with the
input � �; � and true image class label � �; � are drawn on the �-axis and �-axis, respectively.
The color gradient of the points in the figure, ranging from light to dark, represents the training
process of the model. By analyzing the dynamics of the information plane, we observe that � �; �
gradually decreases while � �; � gradually increases and reaches saturation as the training
progresses. This suggests that the latent variable progressively compresses redundant information
from the input while preserving the features that are relevant to the image label as much as possible.

Fig. 4 Presentation of Information Plane Dynamics.
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3.3 Ablation Study

In the information bottleneck theory, the hyperparameter � is used to balance the trade-off
between the degree of compression and the accuracy of the model. A larger value of � causes the
model to prioritize the retention of detailed information in the input data, which may result in
overfitting or overcomplicating the model. Conversely, a smaller value of � causes the model to
focus on compressing the input data and capturing its key features, which may lead to information
loss or underfitting.

Table 2. Analysis of different �
� Double-MNIST Triple-MNIST Double-Fashion. Triple-Fashion.

1e-4 0.9949 0.9880 0.9299 0.8516
1e-3 0.9953 0.9889 0.9335 0.8564
1e-2 0.9713 0.0074 0.9051 0.5156

We conduct a comparison and analysis of the prediction results using values of � equal to 1e-2,
1e-3, and 1e-4, and the results are presented in Table 2. Our findings indicate that the best results
are obtained when � is set to 1e-3. This verifies that choosing either too small or large values of �
may result in degraded model performance, as the model may over-compress or retain too much
information, thereby impacting the generalization ability and robustness of the model.

4. Conclusions
We propose a Gaussian mixture variational information bottleneck approach using neural

networks, where a latent variable characterizes richer information by introducing a Gaussian
mixture distribution. We validate the effectiveness of the method on multi-label image classification
tasks. However, both MNIST and FashionMNIST are the most classical datasets for image
classification tasks in deep learning, which are small and easy to handle, making the advantages of
our proposed method less prominent. In the future, we will extend our method to more complex
datasets and not be limited to image classification tasks.
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